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Abstract
This paper presents the design and development of a robust proportional derivative (PD) controller based on linear
matrix inequality (LMI) for the control of a hub angular position and end-point deflection of a planar two-link flexible
manipulator. The dynamics of the manipulator is uncertain and time varying due to the variation of payloads that result in
large variations in the excitation of flexible modes. Practical design steps are presented in which the LMI-based conditions are formulated to obtain a robust PD gains to control the flexible manipulator. The robust controller has an
advantage as compared to the Ziegler-Nichols tuned PD controller as the identified PD gains can be used to control the
system under various loading conditions. The performances of the proposed controller are evaluated in terms of input
tracking capability of the hub angular position response and level of deflection of both links of the flexible manipulator.
Experimental results show that despite using the same sets of PD gains, LMI-PD control provides better robustness and
system performance.
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1. Introduction
Flexible manipulators oﬀer several advantages over
rigid robots such as requiring less material, being
lighter in weight, consuming less power, requiring smaller actuators, being more maneuverable and transportable and having less overall cost and a higher payload
to robot weight ratio. These types of robots are used in
a wide spectrum of applications starting from simple
pick and place operations of an industrial robot to
micro-surgery, maintenance of nuclear plants and
space robotics (Dwivedy and Eberhard, 2006).
However, control of ﬂexible manipulators to maintain
accurate positioning is extremely challenging. The complexity of the problem increases dramatically for a twolink ﬂexible manipulator as the system is a class of
multi-input multi-output (MIMO) system and several
other factors such as coupling between both links and
the eﬀects of vibration between both links have to be
considered. For single-link manipulators, linear models
have been shown to be suﬃcient to solve the control
problems. A two-link ﬂexible manipulator, instead,

necessitates more precise and complex nonlinear
models, leading to complex control algorithms.
Moreover, the dynamic behavior of the manipulator
is signiﬁcantly aﬀected by payload variations.
As the control problem is challenging, there is a
great interest in the development of control strategies
for ﬂexible manipulators. Several control strategies
have been reported for control of these manipulators
which include a proportional derivative (PD) controller
(Choura and Yigit, 2001), optimal control (Morris and
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Madani, 1998), adaptive control (Pradhan and
Subudhi, 2012), fuzzy logic control (Qiu et al., 2013)
and decomposed dynamic control (Yin et al., 2013).
Several robust controllers have also been proposed
for control of these manipulator systems. These include
a combined robust algorithm based on a sliding mode
variable structure and H1 control (Li et al., 2000) and
a robust controller using neural network-based quasistatic deﬂection compensation (Li et al., 2005).
H1-based proportional-integral-derivative (PID) control has been proposed for the control of a single-link
ﬂexible manipulator (Ho and Tu, 2006).
One of the promising techniques for optimizing controller parameters is using linear matrix inequality
(LMI). As LMIs can be solved numerically by using
eﬃcient standard numerical algorithms, a number of
works applied these to control problems. These include
development of a robust PID controller for a continuous stirred-tank reactor based on a linear quadratic
regulator (LQR) and LMI approach (Ge et al., 2002),
robust controller for MIMO systems (Chou et al.,
2007), robust PID compensation for an inverted-cart
pendulum system (Ghosh et al., 2012) and the application of LMI to design a robust decentralized controller
for continuous linear time-invariant systems (Labibi
et al., 2011). Besides the above, the LMI approach
has been used to obtain an optimal sliding surface for
sliding mode control of active magnetic bearing systems
(Husain et al., 2008) and for a robust controller of
boost converters (Olalla et al., 2010). A two-step
design procedure for LMI-based robust PID synthesis
has been proposed based on convex optimization considering the closed-loop transfer matrix and robust
regional pole-placement as objective functions
(Goncalves et al., 2008).
This paper presents the design and development of a
robust PD controller based on LMI approach for a nonlinear two-link ﬂexible manipulator. It is found that the
LMI approach has not been explored for control of a
two-link ﬂexible manipulator where the system dynamics have uncertainties due to the variation of payloads.
Using the robust controller, identiﬁed PD gains can be
used for all payloads with satisfactory responses. This is
an advantage as compared to Ziegler-Nichols (ZN)
tuned PD control which needs to be re-tuned for diﬀerent payloads. The ZN tuning method is a standard procedure for the tuning of PID controller parameters. To
cast this control design problem into the LMI framework, the transfer functions of the system with various
payloads are obtained by carrying out system identiﬁcation. Subsequently, the dynamic model is represented
into convex formulation which leads to the formulation
of system requirement into LMIs representation that
can accommodate the convex model. A set of robust
PD gains is then obtained by solving the LMIs with

desired speciﬁcations. For performance assessment,
LMI-PD and ZN-PD controllers are compared for control of the manipulator in terms of input tracking,
deﬂection reduction level and robustness to payload
variations of both links. Experimental results show
that better robustness and system performance are
achieved with LMI-PD controller despite using a
single set of PD gains.

2. The two-link flexible manipulator
Figure 1 shows the experimental setup of a two-link
ﬂexible manipulator used in this work. The rig consists
of three main parts: a two-link ﬂexible arm, sensors and
a processor. The ﬂexible links are constructed using a
piece of thin aluminum with speciﬁcations as given in
Table 1. The links are cascaded in a serial fashion and
are actuated by rotors and hubs with individual motors.
l1 and l2 denote link lengths of uniform mass density

Figure 1. The experimental setup of a two-link flexible
manipulator.

Table 1. Parameters of a two-link flexible manipulator.
Symbol Parameter

Link-1

Link-2

Unit

m1 , m2

EI
Jh1 , Jh2

0.08
2666.67
1768.80
1.46  103

0.05
2684.56
597.87
0.60  103

kg
kgm1
Nm2
kgm2

0.5
0.03
2  103
5  103
–

0.5
0.025
1.49  103
3.125  103
0.155

m
m
m
kgm2
kg

l1 , l2

J01 , J02
Mh2

Mass of link
Mass density
Flexural rigidity
Motor and
hub inertia
Length of link
Width of link
Thickness of link
Moment of inertia
Mass of the
center rotor
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3. Dynamic model
Modeling of a two-link ﬂexible manipulator resulted
in nonlinear dynamic equations of motion as
detailed in Khairudin el al. (2010). Due to high nonlinearity of the dynamic model, formulation of a
robust control algorithm is diﬃcult, and thus a
simple and practical method is required. Moreover,
control of the nonlinear and high complexity model
control design methods often require excessive computational time. In this study, formulation of a
robust control method is based on a set of linear
models which closely represent the nonlinear model
of a two-link ﬂexible manipulator. This is obtained
by carrying out system identiﬁcation under various
system payloads which further leads to a much simpler controller, yet capable of achieving various
system requirements.
Using the system identiﬁcation technique, a set of
linear models of the two-link ﬂexible manipulator that
represents the operating ranges of the dynamic system
is obtained. A multisine signal that produces sinusoids
of diﬀerent amplitudes and frequencies, and can be
summed to constitute a persistent excitation signal is
used in the identiﬁcation process. The signals are carefully adjusted to provide very low speed operation,
which is essential for examination of the system

0.1
0.08
0.06

Link-1 input (rad)

per unit length 1 and 2 . The ﬁrst link is clamped at
the rotor of the ﬁrst motor whereas the second motor is
attached at the tip of the ﬁrst link. E and I represent the
Young’s modulus and area moment of inertia of both
links respectively. There is a provision for attaching
payloads at the end-point of link-2.
The sensors used in the system are shaft encoders at
the motors and strain gauges placed along the arms.
Two encoders, HEDL-5540 and HEDS-5540 (Maxon
Motor Ag Corporation, 2003) with 500 counts per
revolution are used to measure the angular positions
of link-1 and link-2 respectively. A precision interface
circuit consisting of PCIQUAD04 with four input
channels has been constructed for measurement and
interfacing with a real-time system. On the other
hand, the strain gauges are used for measurement of
deﬂections of the links.
MATLAB Real-time toolbox is used for real-time
interfacing and control of the system. Data acquisition
and control are accomplished by employing a PCI6221
I/O board that provides a direct interface between the
processor, actuators and sensors through signal conditioning circuits SCC-AI for analogue input, SCC-AO
for analogue output and SCC-SG for strain gauges.
The experimental rig requires two-analogue outputs
for both motors and four analogue inputs from the
encoders and strain gauges for both links.

0.04
0.02
0
-0.02
-0.04
-0.06
-0.08
-0.1
0

0.5

1

1.5

2

Time (s)

Figure 2. A multisine input signal.

nonlinearities. Figure 2 shows the multisine signal
applied to both links.
The data of stimulation and response is acquired
with a sampling time of 0.001 s and system identiﬁcation is performed using MATLAB to obtain a linear
model of the system. An ARX model structure is considered and the least square technique is applied to
identify the parameters of the transfer function
model. In this work, the model structure GðzÞ ¼
BðzÞ=AðzÞ is used where BðzÞ and AðzÞ are numerator
and denominator of the system transfer function in discrete time. The system’s transfer function in continuous
time is then obtained using MATLAB. Investigations
for the system without payload, and payloads of 50 g
and 100 g are performed. For the system without payload, a sixth-order identiﬁed model of link-1 that
relates the hub angular position output to the voltage
input is obtained as

G11 ðsÞ ¼

58:9 s5  807 s4  3301:1 s3  3330 s2



þ1991:8 s þ 3605:9
 6

s þ 21:7 s5 þ 196 s4 þ 926:9 s3
þ2261:3 s2 þ 2292:1 sþ704
ð1Þ

where s is a Laplace operator, the ﬁrst subscript represents link-1 and the second subscript shows the load
condition 1. On the other hand, the transfer function
for link-2 is obtained as



84:1 s5  840:9 s4  2571:1 s3
2782:5 s2  1080:3 s  91:2

G21 ðsÞ ¼  6
s þ 10:9041 s5 þ 50:9482 s4 þ 113:1691 s3
þ112:1175 s2 þ 47:4569 sþ6:8364

Downloaded from jvc.sagepub.com by guest on February 16, 2016

ð2Þ

Mohamed et al.

1247

The same procedures are adopted to obtain transfer
functions of the ﬂexible manipulator with payload.
With a payload of 50 g, the transfer function for link1 is obtained as



19:27 s5  175:63 s4  432:35 s3
40:68 s2 þ 600:68 s þ 372:67

G12 ðsÞ ¼  6
s þ 14:49 s5 þ 86:87s4 þ 279:78 s3
þ499:53 s2 þ 443:88 sþ150:46

ð3Þ

and link-2 as



68:6 s5  601:7 s4  2011:7 s3
3142:4 s2  2190:6 s  517:5

G22 ðsÞ ¼  6
s þ 9:557 s5 þ 40:0934 s4 þ 87:9419 s3
þ94:5527 s2 þ 45:5913 sþ7:9146
ð4Þ
On the other hand, with a payload of 100 g, the
transfer function for link-1 can be found as



65:6 s5  455:6 s4  1304:6 s3
1736 s2 þ 1236:8 s þ 2146:2

G13 ðsÞ ¼  6
s þ 14:05 s5 þ 86:42 s4 þ 292:02 s3
þ550:57 s2 þ 530:97 sþ199:19

ð5Þ

term of a performance-based optimization problem
which can be solved using a numerical technique (Ge
et al., 2002). To ensure that the approach is applicable
simultaneously to the set of multiple linear models, the
LQR problem needs to be represented in term of LMI
sets for ﬁnding the common Lyapunov function for the
set of particular linear models. The solution of the
linear model involves a form of quadratic Lyapunov
function that not only gives the stability of the
closed-loop control system but can also be used to
achieve certain desired performance speciﬁcations.

4.1. Robust proportional derivative (PD) controller
design
Most of the existing PD tuning methods were developed with few robustness features. Since a robust controller is required to control a two-link ﬂexible
manipulator under various payload conditions, a
robust PD controller design is proposed in this work.
Consider an uncertain sixth-order system for link-1
and link-2 as
GðsÞ ¼

ð7Þ

where the parameter vary in intervals

and the transfer function for link-2 as


n1 s5 þ n2 s4 þ n3 s3 þ n4 s2 þ n5 s þ n6
s6 þ d1 s5 þ d2 s4 þ d3 s3 þ d4 s2 þ d5 s þ d6





d1 2 d1 , d1 , . . . . . . , d6 2 d6 , d6 ,




n1 2 n1 , n1 , . . . . . . , n6 2 n6 , n6


3

98:7 s5  1005:9 s4  3596:7 s
5434:3 s2  3678:6 s  938:5

G23 ðsÞ ¼  6
s þ 10:6392 s5 þ 50:2485 s4 þ 122:9197 s3
þ152:7299 s2 þ 89:9483 sþ19:6417
ð6Þ
Comparison of the responses to the multisine input
signal obtained using the linear models and actual
system reveal that all the transfer functions of the ﬂexible manipulator have a matching degree of at least
94%. Thus, conﬁdence in utilizing the identiﬁed
models has been established. On the design of the
LMI robust controller, the transfer functions are converted into state-space forms. Subsequently, the models
are used in the development of ZN-PD and LMI-PD
controllers.

ð8Þ

and di , di and ni , ni are lower and upper bounds for the
uncertain parameters of denominator and numerator of
the system respectively.
The objective of the PD controller design is to determine PD gains to meet various design speciﬁcations.
The PD controller is designed in the state-space settings
for ease in using the LMI approach. The ﬂexible link
can be conveniently represented as a feedback system
and it can be expressed in the state-space description as
x_ p ðtÞ ¼ Ap xp ðtÞ þ Bp up ðtÞ
yp ¼ Cp xp ðtÞ

ð9Þ

where

4. Design of linear matrix inequality
(LMI)-based robust proportional
derivative (PD) controller
In this work, the LQR approach is considered as a basis
for determining the PD controller gains since this
approach can provide a high degree of robustness and
design ﬂexibility. Moreover, it can be formulated in

Ap ¼ Ap1 þ Ap , Bp ¼ Bp1 þ Bp and Cp ¼ Cp1 þ Cp
ð10Þ
For p-th link. up and yp are the reference input and
T
output respectively, x ¼ x1 x2 x3 x4 x5 x6
are the states variables, A 2 R66 , B 2 R61 and
C 2 R16 are system, input and output matrices
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respectively. Ap1 , Bp1 and Cp1 are the nominal matrices
representing the system without payload. State-space
representations of link-1 (A1q , B1q , C1q ) and link-2
(A2q , B2q , C2q ) of the ﬂexible manipulator represent
cases without payload, 50 g payload and 100 g payload
respectively where q ¼ 1, 2 and 3. Ap , Bp and Cp are
matrices of uncertainties of the respective dimensions.
The uncertainties are considered to be in the form of
Ap ¼ "1 Ap2 þ "2 Ap3 ,
Cp ¼ "1 Cp2 þ "1 Cp3

Bp ¼ "1 Bp2 þ "2 Bp3 ,

ð11Þ

where "1 and "2 are uncertainty parameters either 1 or
1. The feedback control law is considered in the form of
up ðtÞ ¼ Fp Cpj xp ðtÞ

ð12Þ

where Fp is a matrix corresponding to the controller.
The LQR approach is used to design the state feedback
controller, however, for LQR design the response rate
or overshoot is often limited. To accommodate the
design speciﬁcation, an additional derivative term is
included in the cost function containing state variables
to explore the possibility of damping the oscillations
and limiting the response rate. The function can be represented as
Z
Jp ¼

1




xp ðtÞT Qxp ðtÞ þ up ðtÞT Rup ðtÞ þ x_ p ðtÞT Sx_ p ðtÞ dt

0

where


A^ p ¼ Apj þ Bpj Fp Cpj

Fp and Fdp are proportional and derivative gains
respectively. In practical situations, the controller
needs to meet various speciﬁcations simultaneously
and the design speciﬁcations are often a mixture of performance and robustness objectives.

4.2. Linear matrix inequality-based robust
proportional derivative controller
The concept of LMI and the constraints used in the
controller synthesis problem for design of the robust
PD controller is presented in this section. The standard
LQR problem is to determine the control signal u which
minimizes the quadratic cost function. The cost function in equation (13) can be expressed as
Z

up ðtÞ ¼ Fp Cpj xp ðtÞ þ Fdp Cdp x_ p ðtÞ

ð14Þ

where Fp Cpj xp ðtÞ and Fdp Cdp x_ p ðtÞ are the proportional
and derivative terms of the PD controller respectively.
The resulting closed-loop system with the PD controller in equation (14) can be obtained as
x_ p ¼ Apj xp ðtÞ þ Bpj ðFp Cpj xp ðtÞ þ Fdp Cdp x_ p ðtÞÞ

ð15Þ

where j ¼ 1, 2 and 3 represent cases without payload,
50 g payload and 100 g payload respectively. Equation
(15) can be represented as
x_ p ðtÞ ¼ A^ p xp ðtÞ þ Bpj Fdp Cdp x_ p ðtÞ

1

Jp ¼



xTp


x_ Tp Q



0

xp
dt
x_ p

ð18Þ

where

T T
Q ¼ Q þ Cpj Fp RFp Cpj
0

0 :
S

Deﬁne that the matrix

ð13Þ
where Q, S and R are symmetric positive deﬁnite matrices. The objective is to develop a PD control algorithm
that stabilizes the uncertain system in equation (9) with
respect to the cost function shown in equation (13).
However, with the introduction of the derivative
term, the controller in equation (12) needs to be augmented to accommodate the closed-loop system design
such that

ð17Þ



xTp

x_ Tp

"
 Q þ CTpj FTp RFp Cpj

Xp

Xp

S

#

xp
50
x_ p

ð19Þ

where Xp is a symmetric positive deﬁnite matrix.
However, in order to solve for the cost function in
equation (18), it is deﬁned such that
J^p  xTp ð0ÞXp xp ð0Þ

ð20Þ

where J^p is a guaranteed cost value and xp ð0Þ is initial
condition for xp .
An eﬃcient alternative for solving the LQR problem
is to exploit the LMI technique that has emerged
recently as a powerful design utility for a variety of
control problems due to its convexity. Deﬁne design
matrices Hp and Gp of appropriate dimensions, equation (16) can be written as
xTp Hp  x_ Tp GTp

x_ p  A^ p xp  Bpj Fdp Cdp x_ p

þ x_ p  A^ p xp  Bpj Fdp Cdp x_ p

ð16Þ
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Using Schur complements (Boyd et al., 1994), equation (21) can be written as
h
xTp

x_ Tp

i  xp
50
P
x_ p

ð22Þ

are minimum decay rate, the length of disk and
inner angle respectively, as depicted in Figure 3. The
poles of the system are deﬁned in the form x  yi that
satisfy
x  yi  d,

x   and

y  ðtanð#ÞÞd

ð25Þ

where

20

A^ Tp HTp þ Hp A^ p þ

1

A
6@
6 Q þ CT FT RF C
6
p pj
pj p
6
1
P ¼ 60
6 X þ I  CT FT BT HT
6@ p
p A
dp dp pj
4
T ^
þG Ap
There exist matrices Xp , Hp , Gp , Fp and Fdp of the
respective dimensions such that
2

A^ Tp HTp þ Hp A^ p þ Q

6
6 þCT FT RFp Cpj
pj p
4
Xp þ MTdp HTp þ GTp A^ p

Xp  Hp Mdp þ A^ Tp Gp

3
7
750
5

MTdp Gp  GTp Mdp þ S
ð23Þ

where
Mdp ¼ ðI  Bpj Fdp Cdp Þ

ð24Þ

It is noted that Mdp includes the derivative part of
the PD controller.
To obtain a solution of LMIs in equation (23) all
over the uncertain system will obviously be an arduous
task. However, since the uncertainties of the system can
be described as a set polytopic uncertainty (Boyd et al.,
1994; Ge et al., 2002), solutions can be sought only at
the polytopic vertices instead of all points within the
polytope. Therefore, a solution to LMIs in equation
(23) can be obtained and the task for solving the constraint becomes simpler. The advantage of using LMI is
its ﬂexibility of including other speciﬁcations future
system needs in the design. Therefore, various design
speciﬁcations may be recast into the LMIs and the
resulting LMI constraints can be eﬃciently solved in
polynomial time by using convex optimization algorithms (Gahinet and Apkarian, 1994).
It is a desirable property of the closed-loop system
that its poles are located in a certain region of the complex plane to ensure some desired dynamical properties
such as overshoot and settling time are achieved. A
region of the complex plane Sð, d, #Þ has been proposed (Chilali and Gahinet, 1996) where , d and #

3
Xp  Hp
þ A^ Tp Gp 7
7
Bpj Fdp Cdp
7
7
7
T
T T
7
 I  Cdp Fdp Bpj Gp 
7
5
T
T
Gp I  Bpj Fdp Cdp þ SÞ
I



where  ¼ 0. A pole-placement region to achieve
control objectives will be determined and used in
designing an LMI-PD controller.

5. Controller implementation
Figure 4 shows a block diagram of the PD controllers
for position control of link-1 and link-2 of a ﬂexible
manipulator where 1r and 2r are desired hub angular
positions for link-1 and link-2 respectively and 1 and
2 are actual hub angular positions for both links. For
such a MIMO system, two PD controllers are required
for both links. Essentially, the task of these controllers
is to position both links of the ﬂexible manipulator to a

Figure 3. Pole-placement region.
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PD1

–
+

PD2

+
–

A Two-Link
Flexible
Manipulator

Figure 4. A block diagram of the closed-loop system with
proportional derivative (PD) controllers.

Table 2. Proportional derivative parameters obtained using
Ziegler-Nichols technique.
Link-1

Link-2

control of the two-link ﬂexible manipulator and multivariable system, the robust PD controller is designed
with the pole-placement parameters,  5 0, d ¼ 8
and # ¼ 30 degrees within the pole-placement region
(Chilali and Gahinet, 1996). This implies that the
desired minimum closed-loop eigenvalue is located at
8  4:6188 i. Based on the 64 polytopic models and
the pole-placement region constraint, F1 ¼ 0:1225 and
Fd1 ¼ 0:2235 are obtained as the PD gains for control
of link-1 of the manipulator and F2 ¼ 0:0961 and
Fd2 ¼ 0:2023 for link-2. By using the gains, closedloop eigenvalues of the system are achieved within the
desired region. With the proposed robust controller,
only a single set of PD gains is needed to control the
system under various loading conditions. This is clearly
an advantage as compared to the ZN-PD controller.

Payload (g)

F1

Fd1

F2

Fd2

6. Experimental results

0
50
100

0.1410
0.1468
0.1493

0.3591
0.3632
0.3675

0.1055
0.1083
0.1100

0.3122
0.3200
0.3285

Experimental results of the LMI-PD and ZN-PD controllers implemented on the experimental two-link ﬂexible manipulator are presented in this section. The task
of these controllers is to position hub angles of link-1
and link-2 of the manipulator at 0.5 rad and 0.35 rad
respectively. For real-time implementation of both controllers, Real-time Windows Target in MATLAB and
Simulink environment are utilized.

speciﬁed commanded position. The hub angular positions of both links are fed back and used to control
the ﬂexible manipulator. Step signals with amplitudes
of -0.5 rad and 0.35 rad are used as reference inputs for
hub angular positions of link-1 and link-2 respectively.
Two system responses, namely the hub angular positions and deﬂections with the frequency response of
the deﬂections, are obtained and evaluated. The control
objective is to achieve the desired hub angular position
with low deﬂection. It is desirable to have a uniform
performance for all payload conditions.
For performance assessment of the robust controller, a ZN-PD controller is designed where the tasks are
to ﬁnd two sets of PD controller gains for hub angular
position control of link-1 and link-2 of the ﬂexible
manipulator. In this work, the ZN closed-loop
method is considered for the tuning of PD parameters.
As a ZN-PD controller can only provide an optimum
response for a certain payload, diﬀerent sets of PD
gains have to be calculated for each loading condition
considered in this work. By carrying out the ZN closedloop tuning method with the ﬂexible manipulator
without payload and payloads of 50 g and 100 g, PD
controller gains are obtained as listed in Table 2.
The ﬂow chart shown in Figure 5 is adopted to
develop the LMI-PD controller. Based on several investigations, Q ¼ 0:25  I66 , R ¼ ½1 and S ¼ 1 
106  I66 are deduced for control of the system. By
carrying out the steps in the ﬂowchart, 64 combinations
of uncertain systems are obtained with their respective
PD gains, Fp and Fdp gains. Based on an application for

6.1. System without payload
Figure 6 shows the hub angular position responses of
the experimental two-link ﬂexible manipulator without
payload for both links with the LMI-PD and ZN-PD
controllers. Both techniques are able to meet the
desired angular positions of 0.5 rad and 0.35 rad for
link-1 and link-2 respectively. However, it is noted that
the system with LMI-PD control exhibits faster settling
times for both links as compared to ZN-PD. Moreover,
with LMI-PD control, smoother responses with no
overshoot are observed and the settling times are
almost 30% faster than the results with ZN-PD for
both links. Deﬂection responses of link-1 and link-2
with both controllers are shown in Figure 7 where the
magnitude of deﬂections with LMI-PD is lower as compared to the results with ZN-PD control. With the
robust LMI-PD controller, the maximum magnitudes
of deﬂection are 3.36 mm and 2.21 mm for link-1 and
link-2 respectively whereas using ZN-PD as 7.50 mm
and 5.00 mm. Moreover, the deﬂections with the
robust controller converge to zero faster than the
response with the ZN-PD control.
Figure 8 shows the frequency response of the deﬂection obtained with both controllers. In this work, the
ﬁrst mode of vibration is considered as this is the most
dominant mode that characterizes dynamics of the
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Start

Perform system identification to obtain a set of linear models of a two-link
flexible manipulator as in equation (7)

Construct the linear model in a state-space form as in equation (9)

Rearrange the model and set the unknown uncertainty
specification as in equation (11)

and

Polytopic models of two-link flexible manipulator without payloads,
payload of 50 g and 100 g

Set ,

and

matrices and solve equation (23) to obtain
, , , and

Choose a pole-placement region to select the desired gain
of and

Apply the gains

and
to the LMI-PD controller for control of the
nonlinear flexible manipulator

End

Figure 5. Flow chart to develop and implement the linear matrix inequality (LMI)-proportional derivative (PD) controller.

deﬂection. It is shown that the level of deﬂections with
the LMI-PD control is 8.59 dB and 6.91 dB lower than
the response with the ZN-PD control for link-1 and
link-2 respectively. This proves that the robust LMIPD controller yields lower deﬂections.

6.2. System with payload
To assess the robustness performance of the controllers,
the ﬂexible manipulator with payloads of 50 g and 100 g
is examined. For the ZN-PID controller, the PD gains
given in Table 2 are used with the respective payloads
whereas similar PD gains are used for the LMI-PID
control. Figure 9 shows hub angular position responses
of link-2 of the ﬂexible manipulator when it is subjected

with payloads of 50 g and 100 g, using both controllers.
Despite varying payloads, both techniques are able to
meet the desired angular position of 0.35 rad. Similar to
the case without payload, the LMI-PD control has
resulted in faster settling times as compared to the
ZN-PD control. In addition with the LMI-PD control,
no overshoot is observed. Table 3 summarizes the settling times and overshoots yielded with the application
of the controllers for both the links. Figure 10 shows
the deﬂection responses of link-2 while, by copying payloads of 50 g and 100 g, using both controllers. Similar
to the case without payload, the robust LMI-PD controller yielded a smaller deﬂection as compared to the
results with ZN-PD control for both payloads. Table 4
summarizes the maximum magnitude of the responses
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Figure 6. Angular position response of the experimental rig without payload (a) Link-1; (b) Link-2.
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Figure 7. Deflection response of the experimental rig without payload (a) Link-1; (b) Link-2.

for link-1 and link-2 obtained with the LMI-PD control
and ZN-PD control. For all cases, it is noted that maximum deﬂections with the LMI-PD control is reduced
to almost half of the deﬂection with ZN-PD control.
Moreover, the deﬂections converge to zero faster with
the LMI-PD control.
Figure 11 shows the frequency response of the
deﬂection of link-2 obtained with both controllers for
the manipulator with both payloads. Similarly, the
deﬂection amplitude yielded with the LMI-PD is less

as compared to with ZN-PD control. It is also noted
that the deﬂection with LMI-PD control is 9.22 dB and
11.84 dB lower than with the ZN-PD control for payloads of 50 g and 100 g respectively.
The robust LMI-PID controller is designed to control the ﬂexible manipulator with a payload in a range
of 0–100 g. Figures 6–11 show that the proposed robust
controller provides satisfactory results and performs
better than ZN-PID control for the system without
and with payloads of 50 g and 100 g. However, as the
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Figure 8. Frequency response of deflection of the experimental rig without payload (a) Link-1; (b) Link-2.
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Figure 9. Angular position response of link-2 of the experimental rig with payloads of 50 g and 100 g (a) 50 g; (b) 100 g.

Table 3. Specification of angular position response of the flexible manipulator with various payloads.
Link-1

Link-2

Settling time (s)

Overshoot (%)

Payload (g)

LMI-PD

ZN-PD

LMI-PD

0
50
100

0.90
0.96
1.02

1.24
1.72
1.77

0.00
0.00
0.00

Settling time (s)

Overshoot (%)

ZN-PD

LMI-PD

ZN-PD

LMI-PD

ZN-PD

3.68
9.12
9.52

1.17
1.24
1.36

1.61
1.69
1.80

0.00
0.00
0.01

7.11
8.57
10.86

LMI-PD: linear matrix inequality-proportional derivative; ZN-PD: Ziegler-Nichols-proportional derivative.
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Figure 10. Deflection response of link-2 of the experimental rig with payloads of 50 g and 100 g payload (a) 50 g; (b) 100 g.

Table 4. Maximum magnitudes of deflection responses of the flexible manipulator with linear matrix inequality-proportional derivative and Ziegler-Nichols-proportional derivative controllers.
Link-1

Link-2

Payload (g)

LMI-PD (mm)

ZN-PD (mm)

LMI-PD (mm)

ZN-PD (mm)

0
50
100

3.36
3.37
3.50

7.50
7.62
7.83

2.21
2.33
3.53

5.00
6.16
7.82

LMI-PD: linear matrix inequality-proportional derivative.; ZN-PD: Ziegler-Nichols-proportional derivative.
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Figure 11. Frequency response of deflection of link-2 of the experimental rig with payloads of 50 g and 100 g (a) 50 g, (b) 100 g.
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Figure 12. Angular position response of the experimental rig with 70 g payload (a) Link-1; (b) Link-2.
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Figure 13. Deflection response of the experimental rig with 70 g payload (a) Link-1; (b) Link-2.

three cases above are used in control design and setting
the lower and upper bounds of the robust controller, it
is desirable to verify the performance of the LMI-PID
controller with a diﬀerent payload. For veriﬁcation, a
ﬂexible manipulator when it carries 70 g payload is
examined. Figures 12 and 13 show the hub angular
position and deﬂection responses of the manipulator
with 70 g payload respectively, using the LMI-PD control. The same PD gains as in the previous cases are
used. It is shown that the desired angular positions of
0.5 rad and 0.35 rad are achieved with settling times of

1.01 s and 1.32 s for link-1 and link-2 respectively, and
no overshoot is observed for both links. Low deﬂections for both links as in the previous cases with
other payloads are also noted. In this case, the maximum magnitudes for link-1 and link-2 are 3.43 mm and
3.11 mm respectively. Thus, it was veriﬁed experimentally, that for the ﬂexible manipulator under various
payload conditions, despite using the same PD gains,
a uniform system performance is achieved with the
robust LMI-PD controller. Note that by extensive
eﬀorts in tuning the ZN-PD controller, similar results
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as the LMI-PD control could be achieved. However the
process is diﬃcult and has to be performed for each
loading condition.

7. Conclusion
The development of a robust PD control of a two-link
ﬂexible manipulator based on the LMI approach has
been presented. Practical design steps have been presented where the LMI approach has been employed
to obtain robust PD gains to control the ﬂexible
manipulator under various payload conditions.
Robustness in the performance of the controller has
been evaluated in terms of input tracking capabilities
and deﬂections of both links of the ﬂexible manipulator. Experimental results envisaged that despite using
the same sets of PD gains, the proposed LMI-PD control provides better control performance as compared
to the ZN-PD controller. Similar results as the LMIPID controller could be obtained by extensive eﬀort in
tuning the ZN-PID controller, however this requires
laborious tuning eﬀort for each loading condition.
Funding
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