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Abstract

In this paper, we will generalize the characteristics of the idempotent elements of
a regular semigroup and the idempotent elements of its quotient semigroup. Based on the
Characteristics of the idempotent elements of an arbitrary semigroup, we obtain that : For
an arbitrary semigroup S and a congruence o on S, then for every (a)p €E(S/p) there is

eeE(S) such that (a)p=(e)p.Let ¢ :S —T, be homomorphism, so we obtain : for every
feE(R(¢)) there is an element e<E(S) such that (e) p=f. The result of the generalization : for
every idempotent regular element (a)p €S/p, with S is an arbitrary semigroup ( must not
be a regular semigroup ), there is e<E(S), such that (a)p = (e),. As a corollary , we have :
Let S, T be arbitrary semigroups, if ¢ : S —T is a homomorphism, then for every
idempotent regular element feE(R(¢)) there is an element e<E(S) such that (e)p=f.

Key words : regular element, idempotent element, idempotent regular element.

1. Introduction

In the previous paper [3] has been proved the Characteristics of an idempotent element in
M (g,Sey; 1, A;P)/ p, ie.:
Theorem 1. Let p be a congruence on M (g,Sey;1,A;P), i.e. aRees Matrix semigroup over a

Bilinear Form semigroup S. If (u,e, f)p isan idempotent element in M (g,Sey;1,A;P)/ p, then

there is an idempotent element (t,e, f)e M (eOSeO; I, A; P), such that : (u,e, f)p=(te, f)p.

This result can be generalized as follow [4]:
Theorem 2. For every aeE(S), with S is a Bilinear Form Semigroup, there is (tef)p € E

(M (e,Sey;1,A;P)/ p) , such that (tef)g=a,with p is a congruency on M (g,Sey; 1, A;P).
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We can prove that S and M (e,Se,;1,A;P) are regular semigroups [2]. Hence, every
element of these semigroups is a regular element. Based on the theory of the semigroup
homomorphism , there is an injective homomorphism from the quotient semigroup to the image of
the homomorphism.

From these conditions, in this paper, we will study about the generalization of the previous
theorems, i.e. for the idempotent element of a regular semigroup and the homomorphism from a
regular semigroup, the idempotent regular of a semigroup (must not be a regular semigroup ) and

the semigroup homomorphism.

2. Theoretical review :
These definitions are referred from [1]. Let S be a semigroup, an element e S is called

an idempotent if and only if ( next, be denoted by Iff ) e =e. An element a, in a semigroup S,

is called regular iff there is x e S such that axa =a. A semigroup S is called regular semigroup
iff every element of S is regular. An element a'eS is called an inverse of a iff aaa=a and
a'aad=a'.

Let (S,.), (T,.) be semigroups. A map ¢:S —T is called a semigroup homomorphism iff
: (Wx,y eS)(xy)p =((x)g)(y)p). Next, R(g)={(s)¢:seS}cT is called the range of ¢. The
kernel of ¢, denoted by ker ¢, is defined by : ker¢ = {(a, b)eSxS ‘ ()¢ = (b)¢}.
Let arelation p be an equivalency relation on a set X , the notation (x,y) € p iswrittenas xpy
or x=y(modp). A set (x)pz{ye X |(x, y)ep} is a equivalency class . A relation p on a
semigroup S is called compatible iff (va,b,c,d e S)(a,b)e pand (c,d) e p= (ac,bd) e p and a
compatible equivalency relation is called a congruence. If p is a congruence on a semigroup S,
then S/p is a semigroup with respect to a binary operation i.e.(X)p.(y)p=(xy)p , for all
x,yeS. Amap p':S—S/p which is defined by (x)p' =(x)p is a homomorphism. A set
ker¢={(a,b)es xS ‘ (a)¢=(b)¢} isa congruenceon S .

A semigroup homomorphism ¢ :S —T has several characteristics as follow:

a. A semigroup homomorphism «:S/ker ¢ —T is a monomorphism, such that R(cr)=R(¢).



b. If aset pc ker ¢ is a congruence on semigroup S, then there is a uniqgue homomorphism

9:S/p —T suchthat R(3)=R(g).

3. Results:

Based on the previous researches and based on the characteristics of semigroup
homomorphism , we obtain a result as follow :
Theorem 3. If p cker ¢ be a congruence on a regular S, then for every (a)p €E(S/p) there is

e eE(S) such that (a)p = (e)p.

Proof:
If acS isan idempotent , since S is a regular semigroup , then a is regular . But a=a?, so there is

a’eS such that a’a’a*=a’ Suppose x=a’a’a’eS, so x isan inverse of a’,i.e.:

Xa’X = a’a’a’d’a’d’a’ = a’a’a’d’a’ = a’d’a’ = x and a’xa® = a’a’ad’a’d® = a’a’a® = a° . If e=axa |,
then e’= axaaxa= axa’xa=axa=e. So the element e is idempotent in S. Next, we will proof that a
(a)p=(e)p ora=-e (mod p):
e=axa= a’xa’ ( mod p)
=a’=a(mod p)
We conclude that (a)p = (e)o.

|
The second property is given as follow :

Theorem 4. Let S be a regular semigroup and T be a semigroup ( not need regular ). If a map
@ is a homomorphism from S into T, then for every f eE(R(¢)) there is e eE(S) such that (e) p=f.
Proof:

Before proving this theorem, we illustrate a commutative diagram as follow:

@
S R(p) T

Slp



The maps ¢, , p are semigroup homomorphism , which are defined as follow :
aeS — > (@) peR(p) T
aeS — (a) ' =(a)p
(@)pe Slp — ((A)p)a=(a) ¢
The homomorphism « is injective with R(a) = R(¢).
If feE(R(¢)) is idempotent, then f is regular, since S is a regular semigroup. We have « is
injective, so there is a unique (e)pe S/p such that ( (e)p)a=f . The element (e)p is idempotent,
since: If feE(R(¢)), then there is a unique (e)pe S/ such that ( (e)p)a=f. So, we obtain ((e)p)a="f
= =( (e)p)a. ( (e)p)a =( (e)p.(e)p)e., such that (e)p = (e)p (e)p. By the definition , then
((e)p)a=(e) . We conclude that (e)¢p=f.

|

We will generalize Theorem 3 and Theorem 4 i.e. we will substitute the semigroup by an
arbitrary semigroup. We can do it since the commutative diagram on the proof of the previous
theorem is true for an arbitrary semigroup. The sufficient condition is given in the theorem as
below :

Theorem 5. If p < ker ¢ is a congruence on a semigroup S, then for every idempotent regular

element (a)p €S/p thereis e<E(S) such that (a)p = (e)p.

Proof:

If aeS isanidempotent regular element, then (a)p is an idempoten regular, since:

There is a’ €S such that aa’a=a, so (a)p =(aa’a)p = ()p (a’)p (a)p. Hence there is (a’)peSlp
such that (a)p =(aa’a)p = (a)p (a’)p (8)p. So that (a)p is regular and idempotent in S/p, since:
(@)p=(")p=(a)p (A)p.

The next, a® isin S and a’=a, since a is idempotent. Is a® regular?

We have a”a’a’=aa’a=a=a’. Hence, &’ is idempotent in S.

Suppose x=a’a’a’€S , so x isan inverse of a?,since :

xa’X = a’a’a’a’a’d’a’ = a’d’a’d’a’ = a’d’a’ = x dan a’xa’ = a’a’d’a’a® = @ a’'a® = a® . Again,
soppose e=axa and we obtain e’= axaaxa= axa’xa=axa=e. So that e is idempotent in S. The

next, proved that (a)p = (e),o. To prove it is equivalent to prove that a=e (mod p):



e=axa= a’xa’ (mod p)
=a’=a( mod p)
So, ()p = (e)p.
|
As a corollary, we have the following result as a side effect of Theorem 5 and the property of

semigroup homomorphism :
Corollary 6. Let S, T be semigroups. If amap ¢ :S —T is a homomorphism, then for every

idempotent regular semigroup feE(R(¢)) thereis e eE(S) such that (e)¢=f.

Proof:
See the commutative diagram as below :

4
S R(a) =R(¢) T

Slp
If feE(R(¢)) is regular, then there is a unique (e)pe(S/p) such that ((e)p)a = f. We know f is
regular, so there is f"e(R(¢)) such that f1’/=f. On the other hand f’e(R(¢)), so there is a unique
(e’)pe(Slp) such that (e’)p)a = f*. But, we have ((e)p(e’)p(e)p)a =((e)p.)a ((&)p)a ((e)p)a
=ff’f=f=((e)p) a, SO that (e) is regular.
We know that =f , so ((&)p (e)p)a.= ((e)p)a or ((e%)p)a = ((e)p)ar and we obtain (e°)¢= (e)¢ or

e’=e. Hence eis idempotent. By the definition ((e)p)a =(e)¢=f
|

4. Conclusion

We obtain the generalization of the result of the previous research , i.e.: The idempotent
elements of Bilinear form Semigrups have the same characteristics with the idempotent elements of

regular semigrups and regular idempotent elements of semigroups.
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Note:
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