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Abstract . A semigroup is an algebra structure which is more general than a group. The fuzzy
version of the fundamental theorem of group homomorphism has been established by the
previous researchers. In this paper we are going to establish about the fuzzy version of the
fundamental theorem of semigroup homomorphism as a general form of group homomorphism.
Using the properties of level subset of a fuzzy subsemigroup, we have proved that the fuzzy
version of the fundamental theorem of semigroup homomorphism is held. If we have a surjective
semigroup homomorphism, then the fuzzy subsemigroup quotient is isomorphic with the
homomorphic image.
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1. Introduction

The basic concept of fuzzy sets was introduced by Zadeh since 1965 ( in Aktas; 2004). This concept
has developed in many areas including in algebra structure such as fuzzy subgroup, fuzzy subring, fuzzy
submodule and soon .

A fuzzy subgroup is constructed by generalized a group based on the concept of an ordinary set G
to a fuzzy set 4 on G, i.e.amapping u :G— P1_fulfills these axioms:

(i) for every x,yeG, g Xy >min u X ,u y , (iiYfor every xeG, /1(::/1(71;. Asaad (1991) has

proved, if there is a surjective homomorphism group, then the quotient subgroup fuzzy is isomorphic to the
homomorphic image.

Every a group is a semigroup. So we can say that a semigroup is a generalization of a group. Based
on the set, we can generalize a group to a fuzzy subgroup which is defined as above. Kandasamy (2003)
introduced how to generalize a semigroup to a fuzzy subsemigroup. If S is a semigroup, so a fuzzy
subsemigroup is a mapping 5:s5 (o1 such that fulfill this axiom:;; xy =min » x ,n y for every

x,yeS. Inthis paper we are going to establish the fuzzy version of the fundamental theorem of semigroup
homomrphism.

2. Theoritical Review

Let S be an ordinary non empty set, u is called a fuzzy subset of S if x isa mapping from S
into interval 1. Asaad (1991), Kandasamy (2003) and Mordeson & Malik (1998) have introduced how to
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construct a fuzzy subgroup and a fuzzy normal subgroup. They can prove that the level subset x, and strong
level subset 4., < P u€ of a fuzzy subset , is an ordinary subgroup of G, with € is an identity element

of agroup G.

Ajmal (1994) defined a homomorphism of a fuzzy subgroup, establishes their properties related to
the homomorphism, constructs the fuzzy quotient subgroup and proves the fundamental theorem of group
homomorphism in fuzzy version.

Semigroup

A semigroup is a non empty set with an associative binary operation is defined into this set. A
semigruop S has an identity element if there is ees such that ex=x and xe=x. Theset 4cS is
called subsemigroup if 4 is a semigroup of S relative to the same binary operation which is defined in S .

Lemma 2.1.( Howie :p.7) The non empty of the intersection of all subsemigroup S is a semigroup.

Proof:

Let S; be a subsemigroup of §, for ;=123..Take xye()S;+ SO xyes for every ;=123,..SincesS; is a

subsemigroup of § for ;=123.., then xyes, for every ;i=123.. The consequence is xyeﬂSl-, hence
i

(S; isasemigroup.

i

Let S,S" be semigroups. The mapping ¢:s5—s' is called a semigroup homomorphism if
p(x)=p(x)p(y) forevery x,yeS. The kernel of ¢ is defined as ‘kerp= ¢,)) e 5x5 |p(x)=p() - It is @

congruency relation, so it divides S into congruency classes. The set of congruency classes denoted by
S/kere. This set is a semigroup under the following operation: xker p.y ker o = (xy) ker
See the following diagram:

S » 5 p: 5S> : semigroup homomorphism
U : canonic mappin
(ker(/))[ (kerp)' : S — S/kergp p.p g .
o a:Slkerp—S' : monomorphism with Img=Ima
This diagram commutes i.e. & o (kerp)’ = ¢
Slkerp

If ¢ is surjective, then Imp=S5". The consequency is Ima=S', in other word « is surjective. On the other
hand « is monomorphism, so « is isomorphism. If o and z are congruency on S with pc 7, so the
mapping from S/ p onto s/ is surjective and the following diagram commutes (Howie:p.23).

s o Slt

Sip

Lemma 2.2. If ¢:5-— 5 isa semigroup homomorphism, then ¢(s)is a subsemigroup of S’



Proof: Let y,y'e (S), so there is x,x'e S such that 3 = ¢(x) and y'=¢g(x') . The next we must prove that
w'ep(S). Construct z =xx', so we have zes, such that: ¢(z) = p(xx') = p(x)p(x') = y»'. Since there is

ze S suchthat (z) = )y, therefore yy'e (S). Hence ¢@(S) is a subsemigroup of s'.
[

2.2. Subsemigroup Fuzzy

A semigroup is the a simple algebra structure. The first we will give a definition of a fuzzy
subsemigroup and the other basic definitions which refer to Asaad (1991), Kandasamy (2003), Mordeson &
Malik (1998), Ajmal (1994), Shabir (2005).

Definition 2.1. Let S be a set, a fuzzy subset zz of S isa mapping from S into pi e u:s— b1

Definition 2.2. Let zzbe a fuzzy subset of S and re P21, then the level subset 1, dan the strong level subset
u; of the fuzzy subset 4 is defined as follow:
(1) = e Sl 0

(i) g = desluGr

Definition 2.3. Let § be a semigroup, then the mapping ,:s— p1 is called a fuzzy semigroup if
u€y > min A4€ u€ ", forevery x,yeS

3.Results

As the initial result, we give the property of a fuzzy subsemigroup as follow:
Proposition 3.1. Let s be a semigroup and x be a fuzzy subset of S. The fuzzy subset ux is a fuzzy

subsemigroup if and only if for every non empty level subset is a subsemigroup of S

Proof:
(=)
Let X,y €y, SO p(x)=t and y(y)>¢. We know that xy e g, if and only if ,(xy)=¢. On the other hand,

p(xy) = min (), 4(y) =min ¢ Ft. Hence s(xy) >t or xye x4,

(<)
It is known that x, is a subsemigroup of S, so for every u(x)>t and p(y)=>t, so u(xy)=>t. The

consequence is: x(xy) >t =min £(x), z(y)

[ |
Proposition 3.2. Let S be a semigroup and u be a fuzzy subset of S. The fuzzy subset x is a fuzzy
subsemigroup if and only if for every non empty strong level subset x; is a subsemigroup of S .
Proof:

(=)
Take x,ye 4, s0 u(x)>t and u(y)>t. We know that xye x; if and only if z(xy)>¢. We have:

u(xy) = min A4(x), u(y) >min €t 3t. Hence, we have y(xy) >t of xye u;



(<)

The strong level subset x; is a subsemigroup of S, so for every u(x) >t and u(y) >t, we have u(xy) >t.

The consequence is: z(xy) =7 =min A(x), u(y)
[

Definition 3.1. Let f be a mapping from a semigroup S to semigroup S', x:S—[01] and 77:S'—[01] be
fuzzy subsets of S and S", respectively. The Image homomorphic, denoted by r(.), is defined as follow:
f(u)(y) = sup A(x) - The pre-image r(y) is defined as /~(y)(x) =€ (x)_

xef ()

If f isan isomorphism, so f(g) is called isomorphic to 4. A fuzzy subsemigroup . is called isomorphic
to n if there is an isomorphism from S onto S' , or vice versa, suchthat 4= f(r7) and 77 = f (1)

Proposition 3.3. If £ is a mapping from a semigroup S to a semigroup S' and g is a fuzzy subsemigroup
of §,then r(u), = N f(u-p)» fOrre Qi

t>e>0

Proof:
We remember : (1), = ReS' | /(1)) =t and 1€, , >/ deS |u)zi—e , S04 & ply_g-

Let y=f(x)bein S which fulfill y e f(x),. Then the consequence is r(u)f(x)= sup A(x) 3¢- SO,
xef (%)

for £ >0, wehave y=f(xq) € f(14_.) . Hence, y e f(x;_,)-

Finally, we have 7(u), c NS (te-s) (D)

t>>0

Take y e () f(us)s 50 ¥ € f(uy_) forevery £>0. The consequence, there is xg € z4,_ such that

t>£>0
v =f(xg)- So, forevery >0 thereis xg € f‘l(y) with z(xg) >¢—& suchthat:
S@O)= s Alx) F sup {i-gy=1

xef20) t>£>0
Hence f(u)(v) =1 or y e u,. Basedon this fact, we have : (M f(u,_.) < f(u), (2)
t>e>0

From equation (1) and (2), we get r(y), = NS tr-s)
t>£>0

Proposition 3.4. Let f be a semigroup homomorphism from S into S* and z be a fuzzy subsemigroup of S,
then f(u) is a fuzzy subsemigroup of §'

Proof:
Methode I: We must prove that r(.), is a subsemigroup of S'. For =0, then

F= o= Re S | f@)()=0=8", 50 f(u), isasemigroup. FOr re 1l r(u), = (/f(u.,) We know
t>¢>0

that for £ >0, My  isasubsemigroup of S, since u is a fuzzy subsemigroup of S. And we know

f is a homomorphism, so it’s image homomorphic, denoted by (4, ), is a subsemigrup of S'. Hence, the

intersection of all  f(,,_,) is a subsemigroup. The consquence £ (), is a subsemigroup of §'.



Methode II:

It is known that 4 is a fuzzy subsemigrup fuzzy of S, so g, isa subsemigroup S. The next we must
prove that f(y), isasubsemigroup of S':

Take a,be f(1);, SO f(1)(@) =t and f(u)p)=r. Weget qp ,y>¢ daN g () >,- The nextstep,
xef " (a) xef )

we must prove abe f(1),,16.  sup  u(x)z::
x"ef_l(ab)

If xe fYa), then r(x)=qa andif xc r3p), then f(x')=b. The next we get ab=1(x)f(x') = f(xx') -
Construct x''=xx', S0 x"e f~Y(ab) and we get :

sup u(x")= sup p(w)> sup RN AG)u(x) T
x"effl(ab) )oc'effl(ab) xx'effl(ab)

Hence abe f(u),, or in the other word f(u), is a subsemigroup. It means that f(x) is a fuzzy

subsemigroup of S
[ |

Corrolary 3.1. Let fbe a homomorphism from semigroup Sinto semigroup S'. If nis a fuzzy

subsemigroup of S', then f‘1 (n) is a fuzzy subsemigroup of S

Proposition 3.5. Let f:S— S'be a semigroup homomorphism and 7;:s'—[01] be a fuzzy subsemigroup,
then /=) = /()

Proof :
We have si(;)= 1 des [n() =1 = A0 es|n(f ()= . Forany yes thereis xeS such that

=), with (7Y 2, soweget 1) = des| r N = = i),
| |

Proposition 3.6. If f isa semigroup homomorphism from Sto S' and g is a fuzzy subsemigroup of S,
then fisa homomorphism from x, to f(x;)

Proof:
We know that , is a subsemigroup of S and f(,) isa subsemigroup of S'. So we get:

S “ 1 — S (1), is @ homomorphism.
[

Proposition 3.7. If f:S—.S" is an epimorphism semigroup and g is a fuzzy subsemigroup of S, then
the mapping « : 1, — f (1), is an epimorphism.

Proof:

Based on Proposition 3.6, so « isa homomorphism which is induced by f . The next, we must prove that

a:u, —> f(u), 18 surjective. Take ye f(u),, SO we have f(u)(y)>t Of sup A(x) 3. We know that
xe )

u(x)>t, with y = f(x). Since f is surjective, so for every y e S' has an element in pre image S . Since

fw),=fu) S, so for every Y€ f(u),, there is xeS and u(x)>=¢ such that

a(x)= s AWK (1))

xe /)



3.1. Fuzzy Quotient Subsemigroup

If we discuss about semigroup, we always talk about the quotient semigroup i.e. if we have a
homomorphism ¢:s — 5" with kemel K, then we have a set S/K, s/K={xk|xeS}. This set is a

semigroup with respect to a binary operation which is defined by xxyx =xyx . This semigroup is called a
quotient semigroup. The following proposition talks about fuzzy quotient subsemigroup.

Proposition 3.8. Let f:S5-— 5 be a semigroup homomorphism with kernel k¥ and g be a fuzzy
subsemigroup of 5. A mapping | :s/k —[01] is defined as 4 x (xK) = sup {u(xk)}+ is a fuzzy subsemigrup
keK
Proof:
a. g Isamapping:
Let xK,yKeS/K with xx=yk. If the consequence is |y (xK)> g (¥K), SO we have :

sup {u(xk)}> sup{u(vk)}- SO, there is ;e k, such that (xkq) > u(vk) for every recx. Finally, for every
keK keK

keK, ykeu, 1F t= u(xkg). The consequence is x4, nyK =¢. But it is known that xk, € 2, and
xkg exk . It means that xkgeyK. It contradicts with the fact that ,, ~yKk=¢. So we have
H g (xK) = pi| g (K)
b. 4|k isafuzzy subsemigroup
Take xK,yK € S/ K, so we have :
ag (xKyK) = 1] g (oK) = sup{xyk} = sup {u(xkyk)} > sup rhin €u(xk), u(vk)
keK k eK kekK

x (VK)

> min[sup L)}, sup{u(yk)}j = min g  (xK), 4
keK keK

This semigroup ,U\K is called fuzzy quotient subsemigroup.

Proposition 3.9. Let f:5->s be a semigroup homomorphism with kernel x and u be a fuzzy
subsemigroup of S ,then Q‘K;:,ut/K

Proof:

Take xk e (I\K;, SO 4| (xK)=t OF sup p(xk)>1- AS the consequence, there is i, < x such that ,(xky)>¢, SO
keK

we have ke The next, if we multiply it by K, the result is xkok ey, /K. Since kpK =K, then

xK e pu, 1K

By reverses this proof, we get the proof of this proposition completely.

Proposition 3.10. Let 7:5—S' be a semigroup homomorphism with kernel k¥ and x be a fuzzy

subsemigroup of S and «: s, — f(u),. Then “i/ ;’%m[(

Proof:
See the following diagrams:

In the following diagram, x;, N K denoted by K'



=y (1), ¢ o' Hi

o all
l/ B \l
1K < g ﬂ%('

By the fundamental theorem of homomorphism semigroup, we obtain 8 and ' are monomorphism. We
know that K,K' are congruencies , with K'c K . Therefore g is surjective. The next, we prove that g is
injective. Itiseasy to verify that fog= '. The first, take g(xK')=g(x'K"). Since A is a mapping, so we
get @Gog (xK')=@og (¥'K'). Since Bog=p", so we obtain £ (xK')= ' (x'K"). Finally, we have

xK'=x'K" since B'is monomorphism. Hence g is injective and "%( ;’% ~K
1

Theorem 3.1. Let f:5 — s' be a semigroup homomorphism with kernel k¥ and g be a fuzzy subsemigroup
of S, then for every re[0]1] the following diagram commutes and the mapping ﬂ:(,\,@—) f), s

monomorphism with 1mg = 1mp

My a f(/l)t

Proof:
See the following diagram:

Hy
HNK

The kernel of « is x4 N K . Based on the fundamental theorem of semigroup homomorphism , so g' is
monomorphism with Ima=Imp'. Refer to the Proposition 3.10, we obtain “%{ El%mK' The

consequence , £ is monomorphism with 1mg =1mg.
[ |

Corollary 3.2. Let r:5— s be a semigroup epimorphism with kernel x, and x be a fuzzy subsemigroup

-~

of 5, then for every 7<[01] theset |,  isisomorphic with r(u),

Proof:
Using Theorem 3.1 and Proposition 3.7, we get a mapping S: (,‘K;—> f(u), is @ monomorphism with

Ima=Img and Boal =a. Since f epimorphism, then based on Proposition 3.7 « is ephimorphism. As

the consequence, A is an isomorphism. Finally, €, is isomorphic with £(.), .
[



Theorem 3.2. Let r:s5 s be a semigroup epimorphism with kernel x and . be fuzzy subsemigroup of

S, then forevery re[01] the set |, isisomorphic with £() .

Proof:
Using Corollary 3.2 we obtain an isomorphism g: (,‘K;—> /), - The next we prove that £ (x) :ﬂ(I‘K ::
f)()= swp A - (3.1)

xe /)
For xe f7%(y), then y=f(x) forany xeS.We can see that y = B(xK) forany xK e (1|K; In the

other word, xK € ﬂ‘l(y) . Substitute xK e ﬂ‘l(y) to the equation (3.1), we obtain:
S = s A = sw AGK) =pk O

xe/ ) KepHy)
So, we get f(u)~ €|k _

Conclusion

Based on our discussion , we can prove that the fundamental theorem of the fuzzy subsemigroup
homorphism is hold. The side result is : if s:s5 s is an epimorphism semigroup with kernel x and £ is a

fuzzy subsemigroup of s, then for every s<[01], the set 11 is isomorphic with £ ().
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